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Abstract 
 
Differential quadrature method (DQM) is implemented for analyzing the thermal buckling behavior of the symmetric cross-ply lami-

nated rectangular thin plates subjected to uniform and/or non-uniform temperature fields. The approach includes two steps: (1) solving 
the problem of in-plane thermo-elasticity to obtain the in-plane force resultants and (2) solving the buckling problem under the force 
distribution obtained in the previous step. Solution procedures are numerically performed by discretizing the governing differential equa-
tions and boundary conditions using DQM method. Applying the developed DQ formulation, the buckling loads are obtained for several 
sample plates. The numerical results compared well with those available in the literature as well as those obtained by ABAQUS. Para-
metric studies are conducted to investigate the influence of some important parameters including the plate aspect ratio, cross-ply ratio, 
and stiffness ratio on the critical temperature and mode shape of buckling. 
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1. Introduction 

Thermal buckling is a crucial failure mode in plates and 
shells. When geometrically perfect plates restrained from in-
plane expansion are slowly heated, they generally develop 
compressive stresses and then buckle at a specific temperature. 
Attention was first given to thermal buckling problem during 
the onset of the jet age, when aircraft and missile structural 
elements, such as plates and shells became exposed to high 
temperatures inherent to supersonic flight. Fiber-reinforced 
composite laminates have important structural applications in 
aircraft and space vehicles and other weight-sensitive applica-
tions, These materials are usually subjected to non-uniform 
temperature distributions due to aerodynamic and solar radia-
tion heating. In this respect, the analysis of thermal buckling 
due to non-uniform thermal load is of special interest. 

Thangaratnam and Ramachandran [1] studied thermal buck-
ling behavior of composite laminated plates subjected to a 
uniform temperature distribution on simple edge supports. 
Chen et al. [2-4] used the finite element method to study the 
problems of thermal buckling and postbuckling behavior of 
composite laminated plates, taking into account the effect of 
transverse normal strain. Chen et al. [5] also analyzed the 

thermal buckling behavior of composite laminated plates sub-
jected to non-uniform temperature fields using the finite ele-
ment method, wherein the effect of shear deformation and 
rotary inertia was accounted for using thermal-elastic Mindlin 
plate theory. Implementing the equivalent mechanical loading 
concept, Jones [6] developed solutions for unidirectional and 
symmetric cross-ply laminated fiber-reinforced composite 
rectangular plates and uniform heating throughout the plate 
volume that are uniaxially restrained in their plane on two of 
the four edges, but have no rotational restraint on any edge.  

In this research, the problem of thermal buckling behavior of 
thin unidirectional and symmetric cross-ply laminated fiber-
reinforced composite rectangular plates under uniform or non-
uniform temperature field is studied by implementing the dif-
ferential quadrature method (DQM). Parametric studies are 
conducted to investigate the influence of various important 
parameters, including plate aspect ratio, cross-ply ratio, stiff-
ness ratio, and boundary conditions on the critical thermal 
load and mode shape of buckling. 
 

2. Governing equations 

Consider a thin rectangular composite plate with length a, 
width b, and thickness t, which has a symmetric cross-ply 
laminated structure (so-called laminate), as shown in Fig. 1. 
The plate is subjected to a non-uniformly distributed tempera-
ture change T (x,y), which is an arbitrary function of in-plane 
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coordinates x, y, but is constant throughout the plate thickness 
(z coordinate). We assume that T (x,y) is expressed as 

0 ( , )T T x y× , where T0 is the absolute maximum or minimum 
value of the function T (x,y), which can be considered the 
index value of the temperature distribution. Thermal load can 
cause the plate to buckle due to thermal stresses. To determine 
the critical values of the temperature distribution index T0 at 
the onset of buckling, we perform two main steps: (1) solving 
the problem of plane elasticity to obtain pre-buckling in-plane 
force resultants as functions of the thermal load index T0, and 
(2) solving the buckling problem under the force distribution 
obtained in the first step, which leads to the value of the criti-
cal temperature index T0. Solution procedures are numerically 
performed by discretizing the governing differential equations 
and boundary conditions using differential quadrature method 
(DQM), as will be discussed in section 3.  

  
2.1 Kinematics and constitutive relations 

The classical laminated plate theory is adopted, because of 
the thin plate assumption. Thus, the nonzero strain compo-
nents in terms of midplane strains and curvatures are given by 
 

0 ,x x xzε ε κ= +  
0 ,y y yzε ε κ= +  
0 2xy xy xyzγ γ κ= −  (1) 

  
where 0 0 0, ,x y xyε ε γ  and , ,x y xyκ κ κ  are midplane strains and 
curvatures, respectively. These values are related to the dis-
placement field as [7] 
 

0 2
, ,

1 ,
2x x xu wε = +  , ,x xxwκ = −  

0 2
,

1, ,
2y y yv wε = +  , ,y yywκ = −  

0
, ,( , , ) ,xy y x x yu v w wγ = + +  ,xy xywκ =   (2) 

 
where u, v, and w are the displacements along x, y, and z axes, 
respectively. Subscripts following a comma stand for partial 
differentiations. The second-order terms in the midplane strain 

expressions are accounted for, because of the large deflection 
occurrence in the buckling phenomenon.  

Considering thermal effects, the lamina stress-strain relations 
expressed for the kth ply are given as [8] 
 

0{ } ({ } { } { } )k ij k kQ z Tσ ε κ α⎡ ⎤= + − Δ⎣ ⎦   

 (k = ply number)  (3)  
 
in that, {σ}k={σx, σy, τxy}T

k is a vector of stress components in 
the kth ply. Multiplying the two sides of the recent equation by 
1 and z, and then integrating them over the laminate thickness, 
the laminate constitutive equations are obtained as [8] 
 

0 T

T

N A B N
M B D M

ε
κ

⎡ ⎤ ⎧ ⎫ ⎧ ⎫⎧ ⎫ = −⎨ ⎬ ⎨ ⎬ ⎨ ⎬⎢ ⎥
⎩ ⎭ ⎩ ⎭ ⎩ ⎭⎣ ⎦

  (4)  

 
where {N}={Nx, Ny, Nxy}T and {M}={Mx, My, Mxy}T are vec-
tors of the resultant mechanical in-plane force and moment 
components, and A, B and D are respectively extensional, 
coupling and bending stiffness matrices determined by the 
following summations [8]  
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  (5)  

 
where [ ]kQ is the reduced transformed lamina stiffness matrix 
for the kth ply, which can be calculated for the plies having 0° 
or 90° fiber directions by [8]  
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  (6)  

 
The thermal force and moment vectors {NT}, {MT} in Eq. (4), 

are determined by [8] 
 

[ ]
1

1 2

k

k

T
x xzn

T T k
Y ij y

kT z
XY xy

N
N N Q T dz

N

α
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−
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∑ ∫ ,  

 
Fig. 1. A cross-ply laminated rectangular plate subjected to a nonuni-
formely distributed thermal load. 
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[ ]
1
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k

k

T
x xzn

T T k
Y ij y

kT z
XY xy
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M M Q T z dz

M

α
α
α

−

=

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥⎡ ⎤= = Δ⎢ ⎥ ⎢ ⎥⎣ ⎦
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∑ ∫ .  (7)  

 
Regarding the symmetric laminate assumption, the coupling 

stiffness matrix and the thermal moment vector vanish, (i.e. 
[ ] 0B = , MT=0). After simplifying, we solve Eq. (4) for ε0 , κ, 
and obtain  
 

10 0 ( )
0 0

TA N N
D M

ε
κ

−
⎡ ⎤⎧ ⎫ ⎧ ⎫⎧ ⎫= +⎨ ⎬ ⎨ ⎬ ⎨ ⎬⎢ ⎥

⎩ ⎭⎩ ⎭ ⎩ ⎭⎣ ⎦
.  (8) 

  
2.2 Pre-buckling force state  

The thermal stresses caused by non-uniform temperature dis-
tribution generate non-uniformly distributed membrane force 
resultants in the plate. All mechanical and thermal moments 
and consequently curvatures vanish (M=MT=κ=0) in pre-
buckling, thus the membrane forces can be determined by 
solving the plane elasticity problem. The compatibility equa-
tion in terms of midplane strains in a plane stress state is given 
by [9] 
 

2 0 2 02 0

2 2
y xyx

y x x y
ε γε ∂ ∂∂ + =

∂ ∂ ∂ ∂
  (9)  

 
To obtain midplane strains in terms of membrane forces, Eq. 

(8) can be simplified and rewritten as 
 

{ } [ ] { } { }( )10 TA N Nε −= + .  (10)  
 

On the other hand, we have the differential form of force 
equilibrium equations for a laminated plate:  
 

, , 0x x xy yN N+ = , , , 0xy x y yN N+ = .  (11) 
  

We substitute Eq. (10) to Eq. (9), then replace the derivatives 
of Ny, Nxy with the derivatives of Nx using Eq. (11). After non-
dimensionalization, we achieve the following partial differen-
tial equation for Nx: 
 

( )
4 4 4

2 4
22 12 66 114 2 2 42X X XN N NA A A A

X X Y Y
β β

⎛ ⎞ ⎛ ⎞ ⎛ ⎞∂ ∂ ∂′ ′ ′ ′+ + + =⎜ ⎟ ⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠ ⎝ ⎠
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⎧ ⎫⎛ ⎞ ⎛ ⎞∂ ∂ ∂⎪ ⎪′ ′− + +⎨ ⎬⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂⎪ ⎪⎝ ⎠ ⎝ ⎠⎩ ⎭
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T T
Y XYN NA A

X Y X Y
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⎧ ⎫⎛ ⎞ ⎛ ⎞∂ ∂⎪ ⎪′ ′− −⎨ ⎬⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂⎪ ⎪⎝ ⎠ ⎝ ⎠⎩ ⎭
  (12)  

 
where A'ij are the entries of [A']= [A]-1; X and Y are non-
dimensional in-plane coordinates defined as / ,X x a=  

/Y y b= ; and /a bβ =  is the plate aspect ratio. By solving 
Eq. (12) with its boundary conditions, the distribution of in-
plane force Nx is obtained. By applying Eq. (11), the two other 

membrane forces Ny and Nxy, which are functions of X, Y with 
a linear dependence to the thermal load index T0, are deter-
mined. 

 
2.3 Thermal buckling behavior  

Consider the buckling of the thin laminated plate shown in 
Fig. 1. We use the principle of minimum total potential energy 
to derive equilibrium and stability equations of the laminated 
plate under non-uniform thermal loading. The total potential 
energy of such a plate can be determined by [8] 

 

[ ] { } { }( )1
2

T
T dxdydzσ ε αΠ = −∫∫∫ .  (13)  

 
By substituting from Eq. (3) into the right-hand side of the 

recent equation, performing the integration over the thickness 
coordinate z, then using Eqs. (5) and (7), we obtain 

 

(

) ( )

0 0 0 0

0 0

/ 2
2

/ 2

1 { } [ ] { } 2{ } [ ] { } 2{ } { }
2

{ } [ ] { } 2{ } { } { } [ ]{ } .

b a
T T T T T T

h
T T T T T

h

A B N

D M Q T dz dxdy

ε ε ε κ ε

κ κ κ α α
−

⎡Π = + − +⎣

⎤− − ⎦

∫∫

∫
  (14) 

 
By substituting from Eq. (8) into the right-hand side of the 

recent equation, then implementing the Euler-Lagrange equa-
tions on the integrant of the final expression obtained for Π, 
the plate equilibrium equations are derived as follows: 

 
, , 0x x xy yN N+ = , 

, , 0xy x y yN N+ = ,  

, , , , , ,2 2 0x xx xy xy y yy x xx xy xy y yyM M M N W N W N W+ + + + + =  (15) 

 
In Eq. (15), the first two equations are the force equilibrium 

equations as mentioned in the previous section. Expressing the 
moments Mx, My and Mxy in terms of derivatives of w in the 
third equation, we obtain the governing differential equation 
of lateral deflection and buckling behavior in the laminated 
plate, which can be expressed in non-dimensional form as 

 
( )

( )

2 4
11 , 12 66 , 22 ,

2 2
, , ,

2 2

2

XXXX XXYY YYYY

X XX XY XY Y YY

D W D D W D W

a N W N W N W

β β

β β

+ + + =

+ +
  (16)  

in that, /W w h= .  
 

3. Differential quadrature formulation  

DQM which was introduced by Bellman and Casti (as re-
ported in Ref. [10]) is a numerical technique for solving 
boundary value problems. DQM needs much less computa-
tions than other numerical methods such as FEM. DQM is 
briefly reviewed in this section. 
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3.1 Review of the quadrature rule 

In DQM the derivative of a function with respect to a space 
variable can be approximated by a weighted linear combina-
tion of the function values at some intermediate points in the 
domain of that variable. A multiple derivative of a function f, 
(x,y) of order r with respect to x, and of order s with respect to 
y (r,,s ≥ 0), at an intermediate discrete point (xi,,,yj) can be 
approximated by the weighted linear sum of the function val-
ues as  

 
( ) ( )

1 1

( , )
( , )

yxr s nn
i j x r y s

ik jl k lr s
k l

f x y
C C f x y

x y

+

= =

∂
=

∂ ∂ ∑ ∑ ,  

 i=1,…,nx , j=1,…,ny   (17)  
 

where ( )x r
ikC  and ( )x r

ikC are entries of the weighting coefficient 
matrices of partial derivatives /r rf x∂ ∂ , /s sf y∂ ∂  respec-
tively, which can be computed by 

 
( ) (1)[ ] [ ]x r x rC C= , ( ) (1)[ ] [ ]y s y sC C=   (18)  

 
where (1)[ ]xC , (1)[ ]yC  are the weighting coefficient matrices 
for the first-order partial derivatives / x∂ ∂ , / y∂ ∂  respec-
tively. Adopting the generalized differential quadrature 
method (GDQM), which assumes Lagrange interpolation 
function as the test function, the weighting coefficients are 
computed by [10] 
 

1,(1)

1,

( )1
( ) ( )

N

i kk k i
ij N

i j
j kk k j

x x
C

x x x x

= ≠

= ≠

Π −
=

− Π −
, i,.j=1, …, n,  i ≠ j.  (19)  

 
For selecting grid points, the procedure of Shu and Richards 

is adopted [10]: 
 

[1 11 cos
2 1i

ix a
N

π ⎤−⎡ ⎛ ⎞= − ⎜ ⎟⎥⎢ −⎣ ⎝ ⎠⎦
.  (20)   

 
As the partial differential Eqs. (12) and (16) are of the 

fourth-order with respect to both x and y coordinates, we have 

to satisfy two boundary conditions in each edge of the plate. 
To satisfy the two sets of boundary conditions in each edge, 
we utilize the δ-point technique. According to the technique, 
an additional set of grid points should be included in the vicin-
ity of the boundary grid points at a very small distance of or-
der δ=10-5 to boundary points, as shown in Fig. 2. One of the 
boundary conditions is applied to the boundary grid points, 
whereas the other can be applied to the δ-points.  

 
3.2 Discretization by DQM 

By implementing the GDQM for discretizing the plane elas-
ticity problem, Eq. (12), and noting that 0T

XYN =  for cross-ply 
laminates, the discrete form of the equation becomes 

 

{

}

(4) 2 (2) (2)
22 12 66

4 (4) 4 (4)
11 11

4 (4) 2 (2) (2)
12 12

2 (2) (2)
22

[ ][ ] (2 ) [ ][ ][ ]
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β

β β
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β

′ ′ ′+ +

′ ′+ = − +

′ ′+ +

′

  (21)  

 
where the grid point variable [NX] is a matrix of nx×ny dimen-
sions. This equation should be expanded in a way that the 
entries of the matrix [NX] are rearranged in a column vector of 
(nx×ny)×1 dimensions, namely, 
 

(
) (

)
( )

(4) 2 (2) (2)
22 exp 12 66 exp exp

4 (4) 4 (4)
11 exp 11 exp

2 (2) (2)
12 exp exp

4 (4) 2 (2) (2)
12 exp 22 exp exp

[ ] (2 ) [ ] [ ]

[ ] { } [ ]

[ ] [ ] { }

[ ] [ ] [ ] { }

X X Y

Y Y
X

X Y T
X

Y X Y T
Y

A C A A C C

A C N A C

A C C N

A C A C C N

β

β β

β

β β

′ ′ ′+ + +

⎡′ ′× = − +⎣
′ +

⎤′ ′+ ⎦

   (22)  

 
which may be expressed in a compact form as 
 

{ } 1
1

x y

x y x y x y

X crn n
n n n n n n

Coefficient Force
N T

Matrix Vector×
× ×

⎡ ⎤ ⎧ ⎫
= ⎨ ⎬⎢ ⎥

⎣ ⎦ ⎩ ⎭
  (23)  

 
where T0cr is the critical temperature index. After imposition 
of the discrete form of the boundary conditions, the recent 
equation can be solved for the vector of nodal values of NX . 
Then, the two other mechanical force components NY, NXY are 
obtained by the following equations. 
 

(2) 1 (2)
exp exp{ } [ ] [ ] { }Y X

Y XN C C N−= , 

( ) 1(1) (1) (2)
exp exp exp{ } [ ] [ ] [ ] { }.X Y X

XY XN C C C N
−

=   (24)  
 

Following GDQM, the governing equation of the plate buck-
ling behavior, Eq. (16), can also be discretized, as stated be-
low directly in the expanded form 
 

(
) (

)

(4) 2 (2) (2)
11 exp 12 66 exp exp

4 (4) 2 (2)
22 exp exp

(1) (1) 2 (2)
exp exp exp

[ ] 2( 2 ) [ ] [ ]

[ ] { } { }[ ]

2{ } [ ] [ ] { } [ ] { }

X X Y

Y X
X

X Y Y
XY Y

D C D D C C

D C W a N C

N C C N C W

β

β

β β

+ + +

× = +

+

   (25)  

 
 
Fig. 2. Sketch of a rectangular plate with ordinary grid points and δ-
points near the boundary points. 
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where the pre-buckling mechanical forces NX , NY, and NXY are 
previously determined by Eqs. (23) and (24), which are line-
arly dependent on the critical temperature index T0cr. Thus, Eq. 
(25) can be rewritten in the following compact form: 

 
{ } { }A W B Wλ⎡ ⎤ ⎡ ⎤=⎣ ⎦ ⎣ ⎦   (26)  

 
where [A] is sum of the matrices in the parentheses of the left 
side of Eq. (25), and [B] is that of the right side of Eq. (25), in 
which λ= T0cr has been factorized. By imposing the discrete 
form of the boundary conditions on the recent equation, and 
then rearranging it in a way that all entries corresponding to 
the boundary grid points are placed at the top of the transverse 
displacement vector {W}, we have 

 
0 0 .bb bi b b

ib ii i ib ii i

A A W W
A A W B B W

λ
⎡ ⎤ ⎡ ⎤⎧ ⎫ ⎧ ⎫⎪ ⎪ ⎪ ⎪=⎨ ⎬ ⎨ ⎬⎢ ⎥ ⎢ ⎥

⎪ ⎪ ⎪ ⎪⎩ ⎭ ⎩ ⎭⎣ ⎦ ⎣ ⎦
  (27)  

 
The boundary grid points displacement vector, {Wb}, can 

easily be eliminated from the above matrix equation, leading 
to the following homogenous system of algebraic equations 
for Wi 

 
* *{ } { }i iA W B Wλ⎡ ⎤ ⎡ ⎤=⎣ ⎦ ⎣ ⎦   (28)  

 
where 

 

( )1*
ij ib bb biA A A A A

−
⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎡ ⎤= −⎣ ⎦⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ,  

( )1* .ij ib bb biB B B A A
−

⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎡ ⎤= −⎣ ⎦⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦   (29)  

 
The necessary and sufficient condition for Eq. (28) to have a 

non-trivial solution is 
 

* * 0A Bλ⎡ ⎤ ⎡ ⎤− =⎣ ⎦ ⎣ ⎦ . (30)  

 
By solving the above characteristic equation for λ= T0cr , we 

achieve the critical values of the temperature distribution in-
dex. Then, by substituting these values into Eq. (28), we ob-
tain the buckling mode shapes. 
 

4. Numerical results and discussion 

In this section, the numerical results obtained by the devel-
oped DQ formulation are presented. First, the convergence of 
the numerical solution method is investigated. The validation 
of the DQ model is justified by comparing the numerical re-
sults obtained for some sample problems with those reported 
in published papers or those obtained by a finite element 
analysis performed in ABAQUS. Finally, the effects of vari-
ous important parameters on the critical thermal load and 
mode shape of buckling are studied using the present numeri-

cal solution. 
 
4.1 Convergence and validation of present formulation  

To study the convergence of the presented differential quad-
rature formulation, a MATLAB program is prepared, and for 
some cases, executed several times with different grid points. 
The results are then compared to those available in literature. 

 
4.1.1 Orthotropic plate under uniform thermal load 

In this section, the thermal buckling load of a unidirection-

Table 1. Composite laminae properties. 
 

Material 1E  
(Gpa)

2E
(Gpa)

12ν  
(−) 

12G  
(Gpa) 

1α  
(10–6/℃)

2α  
(10–6/℃)

(GY-70-HYE1534)
High-modulus  
graphite/epoxy 

90 6.9 0.25 4.8 -1.04 29.7 

(AS-3501) 
High-strength 
graphite/epoxy 

128 11 0.25 4.5 0.45 27.4 

 

 
 
Fig. 3. Thermal buckling of a unidirectionally laminated composite 
plate with fiber orientation parallel to the restraint direction. Conver-
gence of the GDQM as the number of the grid points increases. 

 

 
 
Fig. 4. Thermal buckling of a unidirectionally laminated composite 
plate with fiber orientation normal to the restraint direction. Compari-
son between the present GDQM solution and that of Ref. [6]. 
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ally laminated fibrous composite plate is computed using a set 
of different numbers of grid points. The numerical results are 
then compared with those of Ref. [6]. The laminate is fabri-
cated from high-modulus graphite-epoxy laminae (GY-70-
HYE1534), whose properties are listed in Table 1. The two 
edges of the plate normal to x axis are simply supported, 
whereas the two others are free (briefly indicated as SSFF). 
The plate is subjected to a uniform temperature change T 
(x,y)=ΔT. Fibers are oriented parallel to the restraint direction 
(along x axis), with width to thickness ratio of b/t=100. The 
present solution for ΔTcr versus aspect ratio, a/b, is shown in 
Fig. 3, together with the solution reported by Jonse [6]. Based 
on the figure, for a grid of 7×7 accuracy points or more, the 
results of GDQ have very good correspondence with those of 
Ref. [6]. Note that a plate made of high-modulus graphite-
epoxy with its negative α1 must be cooled to buckle, not 
heated. 

The solution for a case of a unidirectionally laminated com-
posite plate same as that described in the previous paragraph, 
but here with fiber orientation normal to the restraint direction 
(i.e., along y axis), are presented in Fig. 4. The results are ob-
tained with two different sets of grid points, (i.e., 15×15 and 
19×19) which show good agreements with solution reported 
by Jones [6]. However, the latter set shows better agreement 
especially at higher mode shapes of buckling. Therefore, to 

achieve sufficiently accurate results, a greater number of grid 
points should be selected as the plate buckles in higher mode 
numbers. Also, it can be deduced that the plate has been buck-
led in higher mode shapes for this case than the previous one 
as the aspect ratio varies from 0.25 to 2.0. Variable ΔTcr is not 
highly dependent on a/b and approaches its constant minimum 
value at relatively low a/b, which is in contrast with the be-
havior of the previous case. 

 
4.1.2 Cross-ply laminated plate under uniform thermal load  

In this section, the thermal buckling loads for a case of a 

 
 

Fig. 5. Thermal buckling of a [0°/90°/0°] laminated plate of a/b=1, 
b/t=100. Present GDQM solution and that of Ref [6]. 
 

 
 
Fig. 6. Thermal buckling of a [0°/90°/0°] laminated plate of a/b=1, 
b/t=200. Present GDQM solution and that of Ref [6]. 
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Fig. 7. ΔTcr versus aspect ratio, for a symmetric [0°/90°/0°] laminated 
plate of b/t=100, M=0.5, simply supported and fully clamped under (a) 
linear, (b) paraboloidal, and (c) sinusoidal thermal load. 
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symmetric cross-ply laminated plate, with stacking sequence 
[0◦/ 90◦/ 0◦], is computed using grid points of 7×7 and 9×9. 
Then, the numerical results are compared to those of Ref. [6]. 
The plate has a square shape (i.e. a/b=1) and the edge supports 
are arranged as SSFF, with two simply supported edges nor-
mal to x axis. The plate is under a uniform temperature change 
ΔT similar to the previous cases, however, the assumed mate-
rial for the plate is a high-strength graphite-epoxy laminae 
(AS-3501), whose properties are listed in Table 1. The results 
obtained by the present DQ model for ΔTcr versus the percent-
age of 0° layers in laminate thickness for two different width 
to thickness ratios, (i.e. b/t=100 and b/t=200) are depicted in 
Figs. 5 and 6 respectively. For a grid with 9×9 accuracy points, 
the results of GDQM have an excellent correspondence with 
those reported by Jonse [6].  

 
4.1.3 A laminated plate under different nonuniform thermal 

loads 
Thermal buckling of a symmetric cross-ply laminated plate 

of stacking sequence [0°/90°/0°] under three different thermal 

load distributions (i.e., a linear, paraboloidal, and sinusoidal 
distribution) as described by the following equations are in-
vestigated using the developed DQ formulation.  
 

( , ) ( / )T x y T x a= Δ   (31)  
2 2( , ) [1 ( / ) ][1 ( / ) ]T x y T x a y b= Δ − −   (32)  

( , ) sin( / )sin( / )T x y T x a y bπ π= Δ   (33)  
 

The laminated plate is made of graphite/epoxy (AS-3501), 
whose material properties are presented in Table 1, with 
b/t=100 and cross-ply ratio of M=0.5. The results for critical 
temperature index ΔTcr versus aspect ratio are shown in Figs. 
7(a)-7(c), for the plate under linear, paraboloidal, and sinusoi-
dal distributions, respectively. The results are presented for 
two types of edge support: SSSS and CCCC. Only the results 
of the simply supported plate are compared with those ob-
tained by finite element analysis. The analysis is performed in 
ABAQUS using a four-node shell element, S4R5. The results 
for buckling mode shapes of plate with a/b=1 under sinusoidal 
thermal load for both types of edge supports are depicted in 
Fig. 8. 

 
4.2 Parametric studies 

In this section, the effects of several important parameters on 
the thermal buckling behavior of cross-ply laminated plates 
are investigated using the presented DQ formulation. In this 
parametric study, the laminate material and stacking sequence 
are assumed similar to those mentioned in Section 4.1.3 
namely a [0°/90°/0°] symmetric cross-ply laminate made of 
graphite/epoxy (AS-3501). The plate has an aspect ratio of 
a/b=1.0, width to thickness ratio of b/t=100, cross-ply ratio of 
M=0.5, and edge support of the SSSS type, unless otherwise 
specified. The plate is subjected to the sinusoidal thermal load 
distribution given by Eq. (33). Some of the results are com-
pared with those obtained by finite element analysis per-
formed in ABAQUS. 

Fig. 9 shows the effect of the thermal expansion coefficient 
ratio, α2/α1, on the plate critical temperature index, ΔTcr. As 
the thermal expansion coefficient ratio increases from 0 to 1, 
the critical temperature index decreases by a rate similar to an 
exponential decay. This is a result of the increase in in-plane 
thermal forces. Consequently, the induced membrane forces 
increase.  

Fig. 10 shows the effect of lamina stiffness ratio, E1/E2, on 
the plate critical temperature index, ΔTcr. As the stiffness ratio 
increases, ΔTcr increases by a nearly linear rate. This may be 
explained in this way that if E1 increases and E2 remains con-
stant, cause an increase in the D11 stiffness. However, if E2 
decreases and E1 remains constant, a decrease in thermal 
forces ensues, thereby resulting in decrease in mechanical 
force resultants. Therefore, we anticipate a rise in buckling 
load for both assumptions. This means that, to obtain a higher 
resistance to thermal buckling, a higher stiffness ratio should 
be considered. In Fig. 11, the effects of both aspect and stiff- 

(a) 
 

(b) 
 
Fig. 8. Thermal buckling mode shapes for a symmetric [0°/90°/0°] 
laminated plate of a/b=1, b/t=100 and M=0.5, under a sinusoidal ther-
mal load for edge supporting (a) SSSS, and (b) CCCC. 
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ness ratios on the plate thermal buckling temperature index, 
ΔTcr are explored, and the results are shown as a curve set. For 
all values of E1/E2 as the aspect ratio increases from 0.5 to 1.0, 
ΔTcr decreases. However, variations in a/b have lower effects 
in ΔTcr as a/b approaches unity.  

Finally, the effect of the cross-ply ratio, M, on the plate criti-
cal temperature index, ΔTcr is depicted in Fig. 12. As M in-
creases from 0 to approximately 0.1, ΔTcr rises at a high slope. 
In the second interval, approximately from 0.1 to 0.7, the criti-
cal temperature remains constant, or has small variations. In 
the last interval, with M varying from approximately 0.7 to 1.0, 
the critical temperature rapidly declines. In Fig. 13, the effects 
of both aspect and cross-ply ratios on the plate buckling tem-
perature index, ΔTcr, are shown as a curve set.  
 

5. Concluding remarks 

Thermal buckling induced by uniform or nonuniform tem-
perature change in symmetric cross-ply laminated composite 
plates was studied using GDQM. The study reveals the fol-
lowing:  

(1) The presented DQ formulation can accurately predict the 
thermal buckling behaviors of unidirectional and symmetric 

cross-ply laminates under uniform or non-uniform thermal 
loads. 

(2) The presented differential quadrature model rapidly con-
verges as the number of the grid points increases. For lower 
buckling modes, a set of 9×9 grid points, and for higher buck-
ling modes, a set of 19×19 grid points, give accurate results.  

(3) Unidirectionally laminated fibrous composite plates, re-
strained in the direction normal to fibers orientation, buckle in 

    
 
Fig. 9. Effect of thermal expansion coefficient ratio, α2/α1, on the 
critical temperature index, ΔTcr, for a simply supported symmetric
[0°/90°/0°] laminated plate (b/t=100, M=0.5). 

Fig. 11. Effect of aspect ratio and stiffness ratio on the critical 
temperature index, ΔTcr, for a simply supported symmetric [0°/9
0°/0°] laminated plate (b/t=100, M=0.5). 

 

 
 
Fig. 10. Effect of stiffness ratio, E1/E2, on the critical temperature 
index, ΔTcr, for a simply supported symmetric [0°/90°/0°] laminated
plate (a/b=1, b/t=100, M=0.5). 

Fig. 12. Effect of the cross-ply ratio on the critical temperature 
index, ΔTcr, for a simply supported symmetric [0°/90°/0°] lamin
ated plate (a/b=1, b/t=100, M=0.5). 

 
Fig. 13. Effect of aspect ratio and cross-ply ratio on the critical tem-
perature index, ΔTcr, for a simply supported symmetric [0°/90°/0°] 
laminated plate (b/t=100, M=0.5). 
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higher mode shapes than the same laminates restrained along 
the fiber direction. Critical buckling temperature is not highly 
dependent on a/b, and approaches its constant minimum value 
at relatively low values of aspect ratio. This is in contrast with 
the behaviors of laminates restrained along the fiber direction. 

(4) In symmetric cross-ply laminates, as the thermal expan-
sion coefficient ratio, α2/α1 , increases from 0 to 1, the critical 
temperature index decreases by a rate similar to an exponen-
tial decay.  

(5) In symmetric cross-ply laminates, as the stiffness ratio, 
E1/E2 , increases, the critical temperature index increases by an 
approximately linear rate.  

(6) In symmetric cross-ply laminates, as cross-ply ratio in-
creases from 0 to 1, ΔTcr increases rapidly at a first subinterval. 
It then, remains with no considerable changes in an intermedi-
ate subinterval, and finally declines rapidly. 

(7) Thermal buckling load is significantly influenced by 
temperature distribution and boundary conditions. Compared 
to simply supported plates, clamped plates are stiffer and their 
critical buckling temperatures are higher. 
 

Nomenclature------------------------------------------------------------------------ 

A, B, D  :  Extensional, coupling, bending stiffness 
   matrices 
a, b, t  :  Length, width, thickness of plate 
E1, E2  :  Lamina young’s moduli in principal  
  directions 1,2 
G12  :  Lamina shear modulus in principal plane 12 
Mx, My, Mxy  :  Resultant mechanical moment components 
MT

x, MT
y, MT

xy :  Resultant thermal moment components 
Nx, Ny, Nxy  :  Resultant mechanical force components 
NT

x, NT
y, NT

xy  :  Resultant thermal force components 
[ ]Q   :  Transformed lamina stiffness matrix 
T (x,y)  :  Temperature change 
T0  :  Temperature distribution index 
u, v, w  :  Displacements along x, y, and z 
X, Y, Z  :  Nondimensional Cartesian coordinates 
x, y, z  :  Cartesian coordinates 
αx, αy, αxy  :  Transformed lamina thermal expansion  
  coefficients 

0 0 0, ,x y xyε ε γ   :  Midplane strains 
, ,x y xyκ κ κ   :  Curvatures 

ν12, ν21  :  Lamina Poisson’s ratios in principal  
  plane 12 

, ,x y xyσ σ τ   :  Stress components 
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